We propose a microscopic CFT description of magnetically charged black holes in IIA compactifications on elliptic fibrations based on the Fourier-Mukai transform. The physical derivation of this model involves a chain of string duality transformations including the 4D/5D black hole correspondence. We compute the asymptotic behavior of the microstate degeneracy in a certain limit of large charges and show that it agrees with the macroscopic entropy formula. An interesting aspect of this setup is that the attractor points are situated deep in a hybrid phase of the quantum Kähler moduli space. *
Introduction
Black hole microstate counting has been a problem of constant interest in string theory [1] [2] [3] [4] [5] [6] [7] [8] for the past decade. This problem has been the subject of intense recent activity [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] motivated by the connection with topological strings proposed in [25] and by the 4D/5D correspondence found in [26] .
In N = 2 string theory compactifications, supersymmetric black holes can be described in terms of D-branes wrapping supersymmetric cycles in the internal manifold. The black hole entropy is determined by the degeneracy of D-brane bound states with fixed topological charges. In the semiclassical approximation, D-brane bound states are associated to cohomology classes on the moduli space of classical supersymmetric configurations. The macroscopic entropy formula is typically captured by the asymptotic growth of BPS degeneracies in the limit of large charges. This has been shown in [5, 6, 18] for D4-D2-D0 configurations on Calabi-Yau threefolds. Computing the sub-leading corrections would require a more detailed understanding of the D-brane moduli space, which is a very difficult problem. Analogous results for black holes with nonzero D6-charge have not been obtained so far for similar reasons.
In this paper we address this question for N = 2 black holes with D6-D2-D0 charges in IIA compactifications on elliptic fibrations. Employing a string duality chain we find several equivalent descriptions of such a D-brane system involving noncritical six dimensional strings as well as 5D black holes. This duality chain predicts an equivalence of the D6-D2-D0 configuration to a D4-D2-D0 system on the same threefold, which can be recognized as a Fourier-Mukai transform. Black holes carrying D4-D2-D0 charges have a known microscopic CFT description [5, 6, 18] which allows one to compute the asymptotic degeneracy of states in the limit of large D0 charge. We show that the result agrees with the macroscopic entropy formula given by the attractor mechanism applied to the original D6-D2-D0 configuration. More precisely we show that the two formulas have identical asymptotic behavior in a certain limit of large charges, and we also make a partial match of subleading contributions. An interesting aspect of this analysis is that the attractor points for the black holes under consideration lie in a deep hybrid phase of the quantum Kähler moduli space.
The problem of microstate degeneracies for D6-D4-D2-D0 black holes is also addressed in the upcoming work [27] using split attractor flows. Although this seems to be a different approach than the Fourier-Mukai transform employed here, it would be interesting to understand the relation between these two methods.
A Duality Chain for Elliptic Fibrations
In this section we construct a duality chain involving string compactifications on elliptic fibrations and explain its implications for black hole physics. One link in this chain is the the 4D/5D black hole correspondence found in [26] and studied in more detail in [29] . In the process we will find microscopic descriptions for both sides involved in this correspondence in terms of noncritical strings.
The starting point of our discussion is a six dimensional compactification of F-theory on an elliptically fibered Calabi-Yau threefold X with a section. Consider a six-dimensional noncritical string obtained by wrapping a D3-brane on a smooth curve C in B. Such strings have been studied extensively in the string duality literature especially when C is a (−1) curve on B [30] [31] [32] [33] [34] [35] . In this case they are related to tensionless strings associated to small instanton transitions in heterotic M-theory. Here we will take C to be an arbitrary smooth curve in the base B. We will shortly see that C must actually be a very ample divisor on B of high degree.
Six-dimensional noncritical strings are related by string duality to five-dimensional black holes [6] . The five-dimensional compactification of the theory on a circle of radius R is equivalent to an M-theory compactification on X, where the size of the elliptic fiber is proportional to 1/R. The six dimensional string can yield two types of objects, depending on its position relative to the compactification circle. A string wrapped on the compactification circle is equivalent to an M2-brane wrapping the horizontal curve C in X. Moreover string excitations carrying Kaluza-Klein momentum n along the circle are dual to M2 bound states wrapping curves in the class C + nF , where F is the class of the elliptic fiber. For curves C of large degree and large n, such particles form five dimensional spinning black holes [6, 8] .
On the other hand an unwrapped string corresponds to an M5-brane wrapping the vertical divisor D = π −1 (C) in X (that is the complex surface obtained by restricting the elliptic fibration to C.) This is a five dimensional noncritical string. Let us further compactify the theory on an extra circle and consider wrapped noncritical strings giving rise to fourdimensional particles. The excitations of the noncritical string with n units of Kaluza-Klein momentum along the extra circle correspond to D-brane bound states in the resulting IIA compactification on X. We obtain n D0-branes bound to a D4-brane wrapping D. This picture has been employed in the microstate degeneracy counting of [6] .
In order to find a connection with the 4D/5D black hole correspondence of [26] , we will consider an F-theory background of the form X × T N r × S 1 × R where T N r is a Taub-NUT space of type A r−1 , and R is the time direction. This theory contains six-dimensional noncritical strings obtained as above by wrapping a D3-brane on C × S 1 , where C is a curve in B. Next we describe two sequences of duality transformations starting with this model. Sequence A. Let us make the radius R of the circle very small. Then we obtain an M-theory background X × T N r × R and the wrapped D3-brane is dual to an M2-brane wrapping C. The excitations of the string with n units of KK momentum correspond again to bound states of M2-branes wrapping a curve in the class C + nF . For large charges C, n such particles form five-dimensional spinning black holes embedded in the Taub-NUT geometry. This is one side of the correspondence proposed in [26] . Note that in the singular limit the Taub-NUT space is isomorphic to a C 2 /Z r orbifold singularity. Therefore this picture provides a microscopic description of the 5D spinning black holes in terms of a Z r orbifold of the six-dimensional noncritical string. As noted in the paragraph below equation (3.4) of [26] , such a microscopic description explains the relation between 5D and 4D black hole charges. We can further compactify this model along the S 1 fiber of the Taub-NUT space, obtaining a IIA compactification on X. The 5D black hole corresponds to a 4D magnetically charged black hole which can be described in terms of a D6-D2-D0 configuration on X. The D6-brane has multiplicity r. This is the second side of the correspondence.
Sequence B. Let us now perform a different chain of dualities starting with the same Ftheory configuration. Regarding this model as a IIB compactification on B, we will perform a T-duality transformation along the S 1 fiber of the Taub-NUT space followed by an M-theory lift. In spite of many subtleties, it is by now understood that T-duality along the fiber of the Taub-NUT space will give rise to r IIA NS five-branes wrapping B and the remaining directions S 1 × R [36] [37] [38] . Note also that one of the transverse directions to the IIA NS5-branes is compactified on another circle S 1 , which is dual to the fiber of the Taub-NUT space. The D3-brane wrapping C × S 1 is mapped to a D4-brane wrapping C × S 1 × S 1 . A complete IIA description of the model is quite awkward, and it is much more illuminating to take the M-theory lift instead. This yields an M-theory compactification on the elliptic threefold X. The r IIA NS5-branes lift to r M5-branes wrapping the section σ ≃ B of the elliptic fibration while the D4-brane lifts to an M5-brane wrapping the vertical divisor D = π −1 (C). Both groups of M5-branes are wrapped on S 1 . Note that the circle S 1 together with the M-theory circle are now contained in the elliptic fiber of X. If C is sufficiently ample the two groups of M5-branes can be deformed to a single smooth M5-brane wrapping a divisor in the linear system rσ + π * (C). The effective description of the M5-brane is a (0, 4) CFT on R × S 1 as in [5] . One can further take the limit in which the radius of S 1 is very small obtaining a IIA D4-D2-D0 configuration on X. The D4-brane wraps a divisor in the class (rσ + π * C), and excitations of the original noncritical string with n units of Kaluza-Klein momentum on S 1 are mapped to n D0-branes bound to the D4-brane.
Combining the effects of the above duality chains we obtain a map between a D6-D2-D0 and D4-D2-D0 configurations on X resembling a T-duality transformation along the elliptic fiber. We will show in the next section that such a map can be rigorously defined as a relative Fourier-Mukai transform. The effect of this transformation on D-brane charges reproduces the map found above up to curvature corrections related to degenerate elliptic fibers. We will also compute the asymptotic behavior of the microstate degeneracy in a certain limit of large charges and compare it with the macroscopic entropy formula.
Black Holes, D-Branes and Fourier-Mukai Transform
The goal of this section is to explain the relation between the Fourier-Mukai transform and the duality chain of section two, as well as its applications to black-hole physics. Our set-up is a IIA compactification on a smooth elliptically fibered Calabi-Yau threefold X. In order to set the ground for our discussion, we will start with a short review of special Kähler geometry, BPS states and D-branes.
Throughout this paper we will identify the complexified Kähler moduli space of X with the complex structure moduli space of the mirror threefold Y . Let
denote the periods of the holomorphic three-form on Y , where A = 1, . . . , h 1,1 (X). The inhomogeneous flat coordinates on the moduli space are
The large radius limit point in the Kähler moduli space of X is identified with a large complex structure (LCS) limit of Y . The periods are normalized so that X 0 is the fundamental period and X A , are the logarithmic periods at the LCS point. The central charge of a BPS state with charges (P Λ , Q Λ ), Λ = 0, . . . , h 1,1 (X), is given by
where
is the Kähler potential. From a microscopic point of view, BPS states are bound states of D6-D4-D2-D0 brane configurations on X. Such configurations are described by holomorphic vector bundles, or, more generally, coherent on sheaves on X. Given such an object E, the central charge of the corresponding BPS state has an expansion of the form
near the large radius point, where J(t A ) denotes the complexified Kähler form on X, and . . . stand for world-sheet one-loop and instanton corrections. Following the standard conventions in the literature we will use the notation
More generally, if α is a cohomology class on X, we will denote by
Homological mirror symmetry implies that the logarithmic periods X A have an expansion of the form
near the large radius limit, where β A ∈ H 2,2 (X) are Poincaré dual to some curve classes C A on X. The remaining periods have similar expansions
for some holomorphic line bundles L A on X. We will denote by
We can make a more specific choice of even cohomology generators taking into account the elliptic fibration structure of X. We will restrict ourselves to smooth elliptic fibrations π : X → B which can be written in Weierstrass form. The base B is a smooth del Pezzo surface. Then h 1,1 (X) = h 1,1 (B) + 1 and we can choose the basis {α A } ⊂ H 1,1 (X) so that
Moreover, the last basis element α h , where h = h 1,1 (X), is normalized so that
where F denotes the class of the elliptic fiber, and C is an arbitrary horizontal curve class
Denoting by σ the (1, 1) class related by Poincaré duality to the section class, we have
Then we can choose the basis {β A } ⊂ H 2,2 (X) so that
and β h is Poincaré dual to the fiber class F . As explained in section two, we will consider D6-D2-D0 configurations on X represented by a holomorphic bundle E on X with Chern character
where ω ∈ H 3,3 (X) is the fundamental class of X normalized so that
A straightforward computation shows that
This expression determines the charge vector of the corresponding BPS state
The microscopic entropy of such a D-brane system is determined by counting cohomology classes on the moduli space of classical supersymmetric configurations. From a mathematical point of view, supersymmetric D-brane configurations correspond to semi-stable coherent sheaves on X with fixed Chern classes given by (3.15) . In general the geometry of moduli spaces of semi-stable coherent sheaves is very little understood on Calabi-Yau threefolds. These spaces are expected to have very complicated singularities which make a mathematical formulation of the counting problem very difficult.
The D6-D2-D0 configurations considered in this section can however be mapped to D4-D2-D0 configurations by the duality chain of section two. We will show below that this map is in fact a relative Fourier-Mukai transform along the elliptic fibers. Then the counting problem becomes more tractable, and we can employ the methods of [5, 6, 18] in order to determine the asymptotic growth of the microstates in the limit of large D2-brane charge on the elliptic fiber.
The physical applications of the Fourier-Mukai transform have been focused so far on heterotic bundle constructions and heterotic-F-theory duality starting with the work of [39] [40] [41] [42] [43] . It has also been considered in [44, 45] in connection with homological mirror symmetry, which is closer to our context. The Fourier-Mukai transform can be intuitively thought of as T-duality along the elliptic fibers. However naive T-duality is not well defined in the presence of singular elliptic fibers, hence we have to employ a more sophisticated transformation which is defined abstractly as a derived functor. Since the technical details have been thoroughly worked out in the above papers, we will only recall the essential facts omitting most technical details. It is worth noting however that the Fourier-Mukai transform is not an element of the T-duality group of the theory, which is generated by monodromy transformations acting on the derived category [46, 47] . This question was investigated in detail in [44, 45] , where it was found that the Fourier-Mukai transform differs from a monodromy transformation by a certain twist. This agrees with the transformation found in section two, which involved nonperturbative duality transformations.
The Fourier-Mukai transform of the D6-D2-D0 configuration described by a bundle E is a D4-D2-D0 system described by a derived object F [1] , where F is a torsion sheaf F on X supported on a divisor Σ ⊂ X. The effect of the shift by 1 is to change the sign of all D-brane charges of the configuration represented by the sheaf F . Moreover, according to [48] , the Fourier-Mukai transform preserves semi-stability with respect to a suitable polarization of X. This means it maps supersymmetric D-brane configurations to supersymmetric D-brane configurations, therefore we can reliably use it in order to count BPS states.
The Chern character of F is [44] 
Note that C can be interpreted by Poincaré duality as a curve class on B. We will assume that C is a very ample divisor class on B of sufficiently high degree so that the generic surface Σ in the class rσ + π * C is smooth and irreducible. The action of the Fourier-Mukai transform on topological charges is in agreement with the map found in the previous section up to curvature corrections involving c 1 (B). This is positive evidence for the identification of these two transformations. The curvature corrections are not under control in the chain of dualities described in section two, hence we will not be able to perform a more detailed check. We will obtain more compelling evidence by matching the black hole entropy formulas in the next section.
The leading contribution to the entropy of a D4-D2-D0 configuration in the limit of large D0 charge has been evaluated in [5, 6, 18] . As a first step, we need to identify the BPS charges ( P A , Q A ) of this configuration by computing the leading terms of the central charge
near the large radius limit point. More precisely, we have to express
as a linear combination of the functions Z(L A ) − Z(O X ) and Z(β A ) which appear in the expansion (3.9) of the periods at the large radius limit point.
For this computation we will need the triple intersection numbers
Let us introduce the following notation
Note that we have
We will also make frequent use of the following expressions
The Chern character ch(F ) written in terms of the bases {α A } and {β A } reads
Now we substitute equation (3.26) in (3.21) obtaining
We have to express (3.27) as a linear combination of the functions
(3.28) Taking into account equations (3.23), (3.24) and the following identity
where O B (γ i ) denotes the holomorphic line bundle on B determined by the divisor class γ i . Then our final formula reads
Taking into account the sign in equation (3.20) , we can now read off the charge vector of the corresponding BPS state
(3.31) According to [5] , the asymptotic microstate degeneracy of the D4-D2-D0 system in the limit of large D0 charge is determined by the degeneracy of states in a (0, 4) CFT obtained by lifting the system to M theory. The left moving central charge of the CFT is given by
The microstate degeneracy is determined by the asymptotic growth of states of momentum
Applying Cardy's formula, we find the leading term in the entropy formula to be
Note that this formula captures the microstate degeneracy due to a gas of m D0-brane bound to a fixed D4-brane wrapping a divisor Σ in the class (rσ+π * C) [18] . In particular, this is not an exact formula for the entropy of the D4-D2-D0 configuration, and it does not capture the asymptotic behavior at large r. In order to capture the later behavior one has to integrate on the moduli space of the D4-brane, which is a very difficult computation. We leave this issue for later work.
Attractors and Macroscopic Entropy
In this section we solve the attractor equations for black holes with D6-D2-D0 charges and compare the resulting entropy formula with the microscopic result (3.36). We will find that the D6-D2-D0 attractor point is pushed deep into a hybrid phase in the regime of validity of the microscopic entropy formula (3.36). Therefore we will have to evaluate the effect of world-sheet instanton corrections on the attractor entropy formula in order to obtain reliable results. We will show that these corrections do not change the leading behavior of the attractor entropy formula in the limit of large D2-charges. Our final result is that the two expressions for the entropy agree in this limit. Note that different examples of attractor points in deep nongeometric phases have been previously found in [49] .
Large Radius Attractors and Macroscopic Entropy
Let us first solve the attractor equations [50] [51] [52] for black holes carrying D6-D2-D0 charges in a neighborhood of the large radius limit point. Although we could use final form of the equations given in [52] , we will provide a more detailed account of the intermediate steps. This will be needed at a later stage of our analysis.
Following [52, 53] , we write the attractor equations in the form
where the new variables Y Λ are defined by
Here Z denotes the central charge of a BPS states with charges (p Λ , q Λ ) (3.5). The macroscopic entropy is given by
In our case the charge vector is given by (3.17) , hence the equations (4.1) reduce to
We can write the solution to the equations in the first column of (4.3) in the parametric form [52]
where x 0 , x A are real variables. Substituting (4.4) in the second column of (4.3), we obtain a system of equations in x 0 , x A . The periods F Λ can be expressed in terms of the the N = 2 prepotential F as
Near the large radius limit point, the prepotential has the form
where . . . stand for world-sheet instanton corrections. The dominant term at the large radius limit is the cubic term in the logarithmic periods X A . The instanton corrections are exponentially suppressed. We will first solve the attractor equations keeping only the cubic term, and discuss subleading terms later. Then the periods F Λ are
Substituting in the second column of (4.3) we find
Introducing the notation ∆ A = −P 0 Q A as in [52] , we can rewrite the equations (4.8) as
Finally, redefining the variables
where y A are real solutions of the equations
The entropy is given by
Moreover, the values of the Kähler parameters at the attractor point are
The discussion has been so far valid for any N = 2 IIA compactification on a smooth Calabi-Yau threefold X. Next we specialize equations (4.11), (4.12) the D6-D2-D0 configurations described in section three. In this case, the charge vector is given in equation (3.17) . We find that the entropy formula is given by
and y i , y h are solutions of the system of quadratic equations
Using formulas (3.22), (3.23), equations (4.16) become
Using the linear equations in the y i , we find
Substituting equations (4.18) in the first equation in (4.17) we obtain
Using the notations (3.25), we can rewrite equation (4.20) in the final form
Solving for (y h ) 2 , we find
Using equations (4.18), the macroscopic entropy formula (4.14) can be expressed as a function of y h as follows
The values of the Kähler moduli at the attractor point are given by
The Kähler moduli at the attractor point are determined by the imaginary parts of (t i , t h ). The real parts determine the value of the B-field. The attractor solution is self-consistent if the imaginary parts Im(t i ), Im(t h ) are large and negative.
Hybrid Phase Attractors and Comparison of Entropy Formulas
Our next goal is to understand the relation between the microscopic entropy formula (3.36) and the macroscopic formula (4.23). Note that the microscopic formula is valid under the following conditions (i) The curve class C = q i η i should be sufficiently ample on B so that Σ = rσ + π * C is a very ample divisor on X. More precisely, a generic surface Σ is smooth and irreducible if C is an effective curve class on B and also C − c 1 (B) is a smooth irreducible curve on B [54] . If we choose the basis elements η i , i = 1, . . . , h 1,1 (B), to be Poincaré dual to generators of the Mori cone, the first condition implies that the integers q i must be large and positive. The second condition implies that q i > rc i for all i = 1, . . . , h 1,1 (B).
(ii) Cardy's formula is valid for states of very large momentum in comparison with the CFT central charge. This is satisfied if the D0-brane charge n is much larger than D = Σ 3 . From the point of view of the D4-D2-D0 configuration discussed in section three, this means that the formula (3.36) captures the asymptotic behavior of the microstate degeneracy in the limit of large n keeping r, q i fixed.
Let us analyze the behavior of the attractor solutions (4.22) in the limit of large n and fixed r, q i . The two solutions found in (4.22) have the following leading order behavior in n
For the purpose of comparison with the microscopic entropy formula (3.36), we will work with the second solution y h − . The first solution is also interesting, but we will not discuss it here.
A straightforward computation then yields
The leading term of the macroscopic entropy formula is
The leading behavior of the Kähler moduli at the attractor point is
In the regime we are interested in |Im(t i )| are very large, but |Im(t h )| is very small. This means that the attractor threefold has a very large base and very small fibers. Such a limit is reminiscent of the IIA description of F-theory [55] , which is not surprising in the light of the duality chain constructed in section two. However such points do not lie near the large radius limit in the complexified Kähler moduli space. Therefore the attractor solution found in the previous subsection is not self-consistent; in order to obtain a reliable solution one has to take into account instanton corrections to the prepotential. In fact the solution found above lies in a hybrid phase [56] , which is outside the radius of convergence of the instanton expansion. Then one has to perform analytic continuation using the identification between the Kähler moduli space of X and the complex structure moduli space of the mirror threefold Y . The analytic continuation should be performed in a single algebraic coordinate on the moduli space, namely the algebraic coordinate z h related by mirror symmetry to the Kähler modulus t h of the elliptic fiber. The remaining algebraic coordinates should be kept near the large complex structure point z i ∼ 0. In the following we will analyze the effect of analytic continuation on the attractor solution and the macroscopic entropy. We will show that in fact the formulas (4.22), (4.23) are still valid in the hybrid phase provided that the charges q i are sufficiently large. This is in agreement with condition (i) above, which requires the dual D4-D2-D0 configuration to wrap a very ample divisor.
In order to justify this claim, let us first analyze the effect of analytic continuation on the periods (X Λ , F Λ ). The expansions of the periods near the LCS point as functions of the algebraic coordinates are
where X Λ an (z), F an Λ (z) are analytic power series of z. The algebraic variables are chosen so that the LCS point is z i = z h = 0. The hybrid phase is centered around the point z i = 0, z h = ∞, hence we have to perform analytic continuation in z h keeping z i close to 0. In a concrete model, this can be done by writing the periods in terms of Barnes integrals and deforming the integration contour. Here we will employ a more abstract reasoning not relying on the specific properties of a particular model. A concrete computation for a specific model is performed in appendix A, confirming the general argument developed below.
A characteristic property of hybrid phases [56] is that the periods (X Λ (z), F Λ (z)) undergo monodromy of finite order under rotations of the form
At the same time the monodromy of the periods under rotations of the form
is identical to the monodromy of the LCS periods under the same transformations since the z i are kept close to zero. In particular the logarithmic period X h (z) becomes a multivalued analytic power series of 1/z h upon analytic continuation. It can be written as a single valued analytic function on a local finite cover of the moduli space of the form 1/z h = ψ k , where k is the order of the monodromy transformation (4.31). Let us denote this function by X h an (z i , ψ). The remaining logarithmic periods X i (z) will still have a leading logarithmic behavior for z i ∼ 0. This is required by the monodromy properties. In the process of analytic continuation, the analytic part X i an (z) will be replaced by some other analytic function X i an (z i , ψ) analytic continuation. The analytic continuation of the fundamental period X 0 (z) will be an analytic function X 0 (z i , ψ). This pattern also holds for the periods F Λ (z), therefore in the hybrid phase the periods will take the form
(4.33) Moreover, X 0 (z i , ψ) and X h (z i , ψ) are single valued analytic power series. Note that the special geometry relations (4.5) are valid over the entire moduli space, therefore we must have
for some holomorphic prepotential F(z i , ψ). We can also define inhomogeneous flat coordinates
in the hybrid phase.
Recall that our goal is to analyze the attractor equations in the hybrid phase, taking into account the expressions (4.33) for the periods. We can considerably simplify our task by working self-consistently to leading order in z i and ψ which are small in the hybrid phase. This means we can drop all terms in X Λ (z i , ψ), F an Λ (z i , ψ) containing positive powers of z i , ψ. Then the periods F Λ read to leading order
Next we substitute the expressions (4.36) in the attractor equations (4.1). Omitting the intermediate steps, which are straightforward computations, let us record the final result
This formula is very similar to the large radius attractor equations (4.17), except for the absence of the quadratic terms in y h . These equations can be solved following the steps (4.18) - (4.22) . Since the equations are now linear in y h , we find only one solution
as opposed to the two solutions found in (4.22) . The leading term of the macroscopic entropy formula for large n is
This is identical to (4.28), therefore indeed analytic continuation to the hybrid phase does not affect the entropy formula. One can also check that the values of the flat coordinates at the attractor point t A behave as (4.29), therefore the attractor solution is self-consistent in the hybrid phase.
Next, let us analyze the microscopic formula (3.36). We claim that this formula has the same leading behavior for large n, m, q i . Recall that according to condition (i) at the beginning of section 4.2, we have to choose C to be sufficiently ample on B. In fact, by taking the charges q i very large and positive we can assume that C is very ample on B. since r is kept fixed. This yields
where m is given by (3.34) . The leading term of m at large m is given by
In order to compute D αα , first note that
Then we have
Therefore the leading behavior of the microscopic energy (4.41) is
which is identical to the leading behavior of the macroscopic formula (4.28).
Subleading Corrections
Next we consider the subleading corrections to the macroscopic entropy formula (4.14). The subleading corrections to the prepotential are given by the terms
near the large radius limit. The subleading corrections in the hybrid phase can also be obtained by analytic continuation, as explained in the previous subsection. Note that these terms (4.44) yield corrections of the form
to the cubic period F 0 . According to our general reasoning, we will obtain extra terms of the form
in the expression F 0 of the cubic period in the hybrid phase, where . . . denote higher order analytic terms. Then special geometry constraints imply that we must also have subleading terms of the form
in the hybrid phase expressions of the quadratic periods F i . Therefore we are lead to the following corrected formulas for the periods
where we have omitted higher order analytic terms. In appendix A we check these formulas by explicit computations for the elliptic fibration over P 2 . Substituting these expressions in the attractor equations (4.1), we find that the effect of the subleading corrections is encoded in a shift of the D2-brane charges
This is similar to the shift found in [52] , except for the absence of a shift in the D2-brane charge n along the elliptic fiber. The second Chern class of X has been computed for example in [39] . The result is Then we obtain The subleading corrections encoded in the term proportional to c 2 (X) do not seem to match any subleading corrections of the macroscopic entropy formula. On the other hand, one can check that there also subleading terms in the expansion of the macroscopic entropy formula which do not have a microscopic counterpart. We do not have a clear explanation of these facts. They are most likely related to our limited understanding of the geometry of D-brane moduli spaces on Calabi-Yau threefolds. Clearly, a lot more work remains to be done in order to obtain a complete picture for entropy of magnetically charge black holes in N = 2 string compactifications.
A. Hybrid Phase Periods
In this section we solve the Picard-Fuchs equations and perform analytic continuation to the hybrid phase for an elliptic fibration over X → P 2 . The LCS and LG phases of this model have been solved [57] , but not the hybrid phase of interest here. This is a two parameter model, hence it corresponds to the case h = 2 in the main text. The toric data of the ambient space, which also determine Mori cone, is given by: where l denotes the hyperplane section of P 2 and E the elliptic fiber. The nontrivial triple intersection numbers are given by We also have c 2 (X) · W 1 = 36, c 2 (X) · Z = −6.
The large radius limit prepotential on the Kähler moduli space of X reads 
